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Introduction

TWO shock-wave-re�ection con� gurations, regular re� ection
(RR) and Mach re� ection (MR), are possible in steady � ows.1

The RR and the MR consist of two and three shock waves, re-
spectively.Two extreme angles of incidence are associatedwith the
oblique re� ection of a shock wave.2 They are the von Neumann ÁN

and the detachment Á D angles (Á D > ÁN ). For a given � ow Mach
number, ÁN is the smallest angle of incidence for which an MR
is theoretically possible, and ÁD is the largest angle of incidence
for which an RR is theoretically possible. Consequently, an MR is
impossible for Á < ÁN and an RR is impossible for Á > Á D . For
incident angles in the range ÁN · Á · Á D both RR and MR are the-
oretically possible. Consequently, the RR $ MR transition could
take place at any angle of incidence Á inside that range. The an-
gle of incidence Á is determined by the � ow Mach number M and
wedge angle µw . Therefore, it is convenient to represent the detach-
ment and von Neumann criteria in the (M; µw ) plane, as is shown in
Fig. 1, where µ N

w and µ D
w , the wedge angles that correspond to the

mentioned criteria, are shown for a perfect gas with a speci� c heats
ratio of ° D 1:4. The curves µ N

w .M/ and µ D
w .M / divide the plane

into three domains: a domain in which only RR is theoreticallypos-
sible, a domain in which only MR is theoretically possible, and a
domain, known as the dual-solutiondomain, in which both RR and
MR are theoreticallypossible. Note that the curve correspondingto
µ N

w reaches a maximum value of µ N
w;max D 20:92 deg at M D 4:46. At

large values of M , the curves corresponding to both µ N
w and µ D

w ap-
proachasymptoticvaluesequal to 17.96and 32.02deg, respectively.

Hysteresis in the RR $ $ MR Transition
It was hypothesized in Ref. 3 that a hysteresis could exist in the

RR $ MR transition when the � ow Mach number is kept constant
and the wedge angle is changed in otherwise steady � ows from a
value of µw < µ N

w for which only an RR is theoretically possible to
a value of µw > µ D

w for which only an MR is theoretically possible
and then back to the initial value (along the path AA0A in Fig. 1).
They hypothesized that the RR ! MR transition would occur at
the detachmentcriterion whereas the reversed MR ! RR transition
would take place at the von Neumann criterion.This hysteresiswill
be referred in the following as a wedge-angle variation-induced
hysteresis.

An inspectionofFig. 1 indicatesthat thehysteresiscanbe also ob-
tained in anotherway, keeping the wedge angle constant and chang-
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Fig. 1 Dependence of the wedge angles corresponding to the von Neu-
mann and detachment criteria on the � ow Mach number.

ing the � ow Mach number (� ow Mach number variation-induced
hysteresis). In this case there exist two possibilities. If an RR is
established inside the dual-solution domain, for example, at point
B, and then the � ow Mach number is changed to follow the path
BB0, the RR ! MR transition should take place when the BB0 path
crosses the µ D

w .M/ curve. However, on the reversed path from B0

to B, the reversed MR ! RR transition is not required because an
MR is also possible at point B. The BB0B path is not a full hys-
teresis loop although both RR and MR wave con� gurations can be
observedfor the same values of the wedge angle and the � ow Mach
number. On the other hand, if µw < µ N

w;max , the � ow Mach number
can be changed from a value for which only an RR is theoretically
possible, for example, point C, to a value for which only an MR is
theoretically possible, for example, point C0, and then back to the
initial value crossing both µ N

w .M/ and µ D
w .M/ curves (see the path

CC0C). Consequently,similar to the wedge-anglevariation-induced
hysteresis, a full hysteresis loop with a return to the initial shock
wave con� guration could be realized.

In Ref. 4, Hornung and Robinson failed to record experimentally
the wedge-angle variation-inducedhysteresis and adopted the con-
clusion that the RR is unstable in the dual-solutiondomain.5 Based
on these mentioned studies, it was believed until the late 1980s and
early 1990s that a hysteresis does not exist in the shock-wave re-
� ection process in steady � ows. When a linear stability technique6

was used and the principle of minimum entropy production7 was
applied, it was proved, in the early 1990s, that the RR is stable in
most of the dual-solutiondomain.

The wedge-angle variation-inducedhysteresis was recorded ex-
perimentallyfor the � rst time in Ref. 8, togetherwith stableRR wave
con� gurations inside the dual-solution domain. By using an Euler
code it was illustrated9 that the RR is indeed stable in the dual-
solution domain. In Ref. 10, Ivanov et al. were the � rst to verify
numerically, using a direct simulation Monte Carlo (DSMC) tech-
nique, the existence of the wedge-angle variation-inducedhystere-
sis. Following their pioneering study, many investigatorsusing dif-
ferent numerical codes veri� ed the wedge-angle variation-induced
hysteresis phenomenon numerically.

A similar wedge-angle variation-induced hysteresis, but with
asymmetricwedges,was reportedrecentlyin Ref. 11.The suggested
wedge-angle variation-inducedhysteresis was veri� ed experimen-
tally. The experimental results showed excellentagreementwith the
analytical transition lines.

The described � ow Mach number variation-induced hysteresis
has not been revealed yet either experimentally or numerically.
Because of the technical complexity in varying the � ow Mach num-
ber in wind tunnels,verifyingexperimentallythe � ow Mach number
variation-inducedhysteresis is not feasible. Instead, the � ow Mach
number variation-induced hysteresis was veri� ed in the present
study by conducting a numerical simulation of the re� ection pro-
cess. The details and results of the numerical study are given next.
(Note that the results of our numerical study of � ow Mach number
variation-induced hysteresis were partly presented in the plenary
review Note presented in Ref. 12 and an independent investigation
of this type of hysteresis was also reported in Ref. 13. The results
in Ref. 13 are in close agreement with ours.)
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Numerical Method
The � ow between two symmetrically spaced wedges was simu-

lated. When it was assumed that viscous effects on the interaction
of shock waves generated by the wedges were negligible, the un-
steady Euler equations were solved. The perfect gas model with
° D 1:4 was used. The simulations were performed with a shock-
capturing total variation diminishing (TVD) scheme. The fourth-
order formula was utilized to reconstruct cell face values of the
primitive variables (the density, the pressure, and the velocity com-
ponents) from cell-averagedones.Numerical � uxes were calculated
by the Harten–Lax–van Leer–Einfeldt (HLLE) approximate Rie-
mann solver, which is very robust for modeling high-speed � ows.
Time integrationwas accomplishedby the third-orderexplicitTVD
Runge–Kutta scheme. A more detaileddescriptionof the numerical
techniquesmay be found in Ref. 14.

Because of the symmetry of the problem, the computationswere
performed only in one-half of the domain (Fig. 2). The length of the
inclined section of the wedge surface is w, and the distance from the
trailing edge of the wedge to the plane of symmetry is g. The ratio
g=w was chosen to be 0.42. This value meets two conditions: The
incident shock wave does not interact with the expansion fan ema-
nating from the trailing edge of the wedge, and the re� ected shock
wave does not impinge on the wedge surface. The computational
domain was divided approximately into 60,000 quadrilateral cells.
A uniform supersonic� ow was speci� ed on the left (in� ow) bound-
ary of the domain and the zero-order extrapolation was employed
on the right (out� ow) boundary. The bottom boundary was treated
as a plane of symmetry, and solid wall conditionswere imposed on
the top boundary.

The in� ow Mach number was varied by changing the boundary
conditions.The in� owpressureanddensitywerekeptconstantwhile
the velocity was changed so that an increment of the � ow Mach
number was equal to 0.05. As a result, weak disturbances were
formedon the leftboundary.Theymoveddownstreamand interacted
with the shock re� ection con� guration.The solutionwas integrated
in time until this unsteady transientprocess was completed, and the
� ow reached a steady state. After that, the � ow Mach number was
changed again.

To ensure the independenceof the results on the grid resolution,
some of the computations were repeated with � ner grids (up to

Fig. 2 Numerical frames (constant density contours) illustratingshock
wave re� ection transitions during variation of the � ow Mach number
at constant µw = 27 deg.

160,000 cells). The agreement between the coarse and � ne grid
results was excellent.

Numerical Results
Both the µw > µ N

w;max and µw < µ N
w;max cases were considered.

Typical results for the former are shown in Fig. 2. The wedge
angle was kept constant during the simulation at µw D 27 deg >
µ N

w;max D 20:92 deg while the � ow Mach number was � rst decreased
from 5 to 4.45 and then increased back to 5. Figure 2, frame 1,
shows an RR, with M D 5, inside the dual-solution domain. As M
was reduced, the detachment transition line beyond which an RR is
theoretically impossible was reached at M D 4:57. The RR ! MR
transition took place when the Mach number was changed from 4.5
to 4.45 (Fig. 2, frames 3 and 4). Based on these two frames, the tran-
sitionoccurredat M D 4:475 § 0:025, in reasonableagreementwith
the theoretical value of M D 4:57. The existence of an RR slightly
beyondthe theoreticallimit has been also observed in many numeri-
cal simulationsof the wedge-anglevariation-inducedhysteresisand
can be explainedby the in� uence of numerical viscosity inherent in
any shock-capturingcode.Once MR was established,the � ow Mach
number was increased up to its initial value M D 5. Because theo-
retically an MR can exist for values of M inside the dual-solution
domain, the reversed MR ! RR transition did not take place at the
detachment line. As a result, two different stable wave con� gura-
tions, an RR and an MR, were obtained inside the dual-solution
domain for identical � ow conditions, that is, M and Á or µw . This
can clearly be seen in Fig. 2 by comparing the pairs of frames 1 and
7, 2 and 6, and 3 and 5 in which the � rst frame is an RR and the
second one is an MR, respectively.

The second series of simulationswas performedat µw D 20:5 deg
< µ N

w;max D 20:92 deg: For this value of µw , the Mach number values
that correspond to the von Neumann criterion are 3.47 and 6.31,
whereas that correspondingto the detachment criterion is 2.84. The
Mach number was decreased from M D 3:5 to 2:8, and then in-
creasedup to the initial value.Some frames showing the sequenceof
events are given in Fig. 3. The RR ! MR transitionoccurs between
M D 2:9 and 2:8, in close agreement with the theoretical value,
whereas the reverse, MR ! RR transition, is observed between
M D 3:2 and 3:3, that is, slightly earlier than that predicted theoreti-
cally. This disagreementcan be attributedto the very small heightof

Fig. 3 Numerical frames (constant density contours) illustratingshock
wave re� ection transitions during variation of the � ow Mach number
at constant µw = 20:5 deg.
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the Mach stem near the von Neumann criterion,which makes its nu-
merical resolution very dif� cult. Figure 3 demonstrates clearly the
existence of the � ow Mach number variation-inducedhysteresis.

Conclusions
It was shown numerically that, in addition to the wedge-angle

variation-induced hysteresis in the RR $ MR transition, which
was � rst illustrated numerically in Ref. 10, a � ow Mach number
variation-induced hysteresis is also possible in two-dimensional
steady � ows. For the latter, two different shock wave re� ection con-
� gurationscan be obtained at the same values of angle of incidence
and � ow Mach number, depending on the direction from which the
� ow Mach number was reached.

Because the investigated geometry resembles the geometry of
supersonic intakes, the new hysteresis type that is reported in the
present study can be relevant to � ight performance at high super-
sonic speeds. The possible dependence of the � ow pattern on the
preceding maneuvers of an aircraft should be taken into account in
designing intakes for perspective hypersonic vehicles.
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Introduction

AMORE complete structural numerical simulation model than
the one utilized in a previous work1 for the dynamic analysis

of cylindrical tanks is necessary for the analysis of the dynamic
behavior of vessel structures with axisymmetric caps at the ends,
which can be applied to generic axisymmetric shells of revolution.

Flugge2 introduced a simpli� ed linear model for static and dy-
namic behavior of axisymmetric thin shells (also see Ref. 3).
Narasimhan and Alwar4 utilized the same model for a study of
vibration of orthotropic spherical shells and introduced an interest-
ing numerical procedurebased on the Chebyshev–Galerkin spectral
method for the evaluation of free vibration frequencies and modal
shapes.

Hwang and Foster utilized a similar and simpler model for a
study of the dynamic behavior of isotropic shallow spherical shells
with a circular hole,5 but the out-of-planeshear behavior and rotary
inertia were not taken into account. They found a solution of the
free vibrational frequency equation in terms of Bessel functions
and modi� ed Bessels functions.

Ozakca and Hinton6 built a Mindlin7–Reisner8 axisymmetric � -
nite element model with the same kinematic relations, where the
out-of-plane and rotary inertia effects with varying shell thickness
are taken into account, for a free vibrationanalysis and optimization
of axisymmetric shells of revolutions.

As in the previous work,1 a simpli� ed numerical model for the
dynamic analysis of an orthotropic antisymmetric angle-ply lami-
nated axisymmetric shell has been developed here. The considered
structure is the same as the one dealt with by Mizusava and Kito,9

who utilized the � rst-order shear deformation Sanders’ shell the-
ory to analyze the vibration behavior. An out-of-plane shear stress
distributionalong the thicknesscoordinateaccording the Mindlin7 –

Reisner8 theory is imposed. The same kinematic relations utilized
by thementionedauthors,1¡5 with appropriateapproximations,have
been employed to build this structural model.

A numerical procedure,1;10¡13 which lies between the Rayleigh–

Ritz method (see Refs. 14 and 15) and the � nite element method
(FEM)3;16;17 and which is obtained by combining the Ritz analysis
with the variationalprinciples,18¡20 has been applied to � nd the free
frequencies and vibration modes.

We have seen in the whole cylindricalstructurecase that there are
low-frequency (lf) vibrating modes, � exural and � exural– torsional
(FT) modes, and high-frequency(hf) shear vibration modes, where
the displacements can be neglected with respect to the rotations:
These can be divided into shear–� exural (SF) modes, where the
rotationÁs is predominantwith respect to the rotationÁy , and shear–
torsional (ST) modes, where, on the contrary, Ás can be neglected
with respect to Áy .

The samevibrationmodeshavebeenconsideredhere,particularly
with regard to the in� uence of the external axisymmetric caps on
them. Finally, the dependenceof both lf and hf on the winding angle
on the cylindricalcentral part, which can be an important parameter
in the design of the aerospacevehiclesvessels, has been considered.

Mathematical Model
A vessel shell pro� le is considered and a reference system s, y,

zs (Fig. 1), where s and y are oriented along the tangent to the cap
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